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Abstract
We study the deep connections between the concepts of quantum information the-
ory and cosmology. Employing Fermi normal coordinates and conformal Fermi coor-
dinates, we construct a relation between Friedmann equations of Friedmann-Lemaitre-
Robertson-Walker universe and entanglement. Friedmann equations are derived with
the first law of entanglement under the assumption that entanglement entropy in a
geodesic balls is maximized at fixed volume.
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1 Introduction
The last decade has taught us to be mindful of quantum information theory, especially quan-
tum entanglement, because spacetime geometry can be viewed as representing the entangle-
ment structure of the underlying microscopic quantum state [1, 2]. This is best understood
in Anti-de Sitter space with area law for entanglement entropy. Ryu and Takayanagi have
proposed [3–5] that entanglement entropy, one measure of entanglement between subsets
of degress of freedom in general quantum states, provides a direct tool into the emergent
spacetime geometry. This proposal asserts that given two conformal field theory (CFT)
subsystems as A and A¯ (the complement of A), the entropy of the subsystem A corresponds
to the area of the extremal area surface dividing the bulk geometry into two parts with
boundaries A and A¯. Thus, a quantitative connection between CFT entanglement and the
dual spacetime geometry (AdS space) is constructed. This connection was further studied
to relate the dynamics of spacetime to the first law of entanglement in the vacuum of the
boundary CFT to the Einstein equations linearized around the AdS vacuum in the bulk [6]
(see also [7–13] for related work).
Recently, Jacobson constructed a profound connection between the semicalssical Einstein
equation and a vacuum entanglement under the hypothesis that entanglement entropy in
small geodesic balls is maximized at fixed volume in a locally maximally symmetric vacuum
state of geometry and quantum fields [14] (see also [15] for comments). So the full nonlinear
Einstein equations arise from the extremal vacuum entanglement entropy hypothesis. The
radius of the geodesic ball is chosen to be much smaller than any length scale in the geometry,
so that the usage of the Riemann normal coordinates is justified. Jacobson calculated the area
deficit δA in the Riemann coordinates frame by taking small deformations of the geometry
δgab around the Minkowski spacetime. The area deficit is expected to be proportional to the
entanglement entropy variation δSUV in the UV region, i.e. δSUV = δA/(4G). The total
entanglement entropy variation δStotal also receives contribution from the IR region δSIR
arising from the deformations of the state of the matter fields δ|ψ〉. With the assumption
that the vacuum entanglement entropy in the small geodesic ball is extremal, the total
entanglement entropy variation δStotal = δSUV + δSIR then vanishes. By further utilized the
first law of entanglement δSA = δ〈HA〉, the Einstein equation was finally derived [14].
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In this paper, we mainly consider the cosmological applications of the physics of the
entanglement for the purpose of understanding the dynamical cosmology from the entangle-
ment point of view. Assuming that entanglement is the basic element of the spacetime, we
show how the Friedmann equations emerges as a consequence of the first law of entangle-
ment. We extend the discussion of the area deficit of the geodesic ball by using the Fermi
normal coordinates [16], so that a freely falling observer can report observations and local
experiments. The Fermi normal coordinates characterizes a time-like geodesic satisfying
Γ σµν = 0 along this geodesic. As a natural extension of the Riemann normal coordinates,
the Fermi normal coordinates (FNC) is valid for a limited region of space and for all time.
In the cosmological context, the FNC are only valid on scales much smaller than the Hubble
horizon. The Friedmann equations are first derived in the FNC system.
Then we relax the small ball limitation by introducing a conformal generalization of FNC,
which is called conformal Fermi coordinates (CFC) [17]. In CFC system, we mainly focus
on the flat universe with vanishing curvature of the space k = 0. The Friedmann equations
will be reproduced in the CFC system.
For readers from the area of cosmology and astronomy, we would like present a brief
review on the first law of entanglement. For any state in a general quantum system, the
density matrix of a subsystem A is described by ρA = trA¯ρtotal, where ρtotal is the density
matrix of the full system and A¯ is the complement of A. One can describe the entanglement
of the subsystem A with the rest of the system through the entanglement entropy SA, defined
as the von Neuman entropy
SA = −trρA log ρA. (1)
The reduced density matrix ρA can also be defined via the modular Hamiltonian
ρA =
e−HA
tr(e−HA)
, (2)
where HA is a Hermitian operator. Note that ρA is both hermitian and positive and the
denominator on the right hand of (2) ensures ρA has unit trace. The first order variation of
the entanglement entropy for the subsystem A is given by
δSA = −tr(δρA log ρA)− tr(ρAρ−1A δρA) = tr(δρAHA)− tr(δρA). (3)
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Since the density matrix ρA for any state will have unit trace, the last term vanishes. Then,
we obtain the first law of entanglement
δSA = δ〈HA〉. (4)
We emphasize that the modular Hamiltonian HA is defined in terms of the original unper-
turbed density matrix. The ansatz (4) is interpreted as the first law of entanglement, since
it reflects a generalization of the first law of thermodynamics [18]. To see this, we start with
a thermal state ρA = e
βH/tr(e−βH), equation (4) then reduces to δ〈H〉 = TδSA, the usual
first law of thermodynamics.
We will show in this paper that from the first law of entanglement, the emergence of
gravity can be described by the change in entanglement δSA caused by matter δ〈HA〉. The
structure of this paper is organized as follows. In section 2, we briefly review the concept of
FNC. We calculate the area deficit with FNC in section 3. The causal diamond structure,
the variation of the entanglement entropy and Friedmann equation are discussed in sections
4 and 5. We introduce the conformal Fermi coordinates and obtain the Friedmann equations
in section 6. Discussions and conclusions are presented in section 7.
2 Descriptions of Fermi Normal Coordinates
According to the Equivalence Principle of General Relativity, we find that all laws of physics
take the same form in any reference system. For our calculations, we need introduce Rie-
mann normal coordinates, whose basic idea is to use the geodesics to define the coordinates,
from a given point to nearby points. However, the Riemann normal coordinate system is
not suit for the physical interpretation of measurements. We thus require the Fermi normal
coordinates, which is a normal geodesic coordinate system in a cylindrical region about the
worldline of the observer [16], and it is flat near the central geodesic. The Fermi normal
coordinates can contribute to studying freely falling observer about report observations and
local experiments. Compared to the Riemann normal coordinates, the Fermi normal coor-
dinates is a natural extension, which is valid for a limited region of space and for all time
[16].
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Then we construct the Fermi normal coordinates from the perspective of the geometry.
We consider a free falling observer with orthonormal parallel-propagated tetrad frame eµ(α).
The trajectory of the free falling observer is a time-like geodesic. A spacetime coordinates
is xµ = (t, xi) and the eµ(0) is the timelike unit tangent vector of the observer O. In the
meantime, eµ(i) (i = 1, 2, 3) formes the local spatial frame of the observer. Now we introduce
a point P around the Q(τ), which coordinates are located at its hypersurface. So we should
find some unique spacelike geodesic relations between Q(τ) and P . We define the Fermi
normal coordinates of Q to be xµF = (τ,0) and P to be x
µ
F = (tF , x
i
F ). We have the initial
condition
dxµ
dλ
∣∣∣∣
λ=0
= xiF e
µ
(i) (5)
where λ is the proper length from Q to P as in Figure 1. Since the set of spatial basis is
orthonormal, the Fermi normal coordinate metric is rectangular on O, so we get
gµν |O≡ ηµν , Γ µρν |O= 0. (6)
Based on the above researches, we can compute the Fermi normal coordinate metric order-
by-order in xiF . We shall use the geodesic equation repeatedly to compute it, including some
coordinate system (for example the Schwarzschild coordinate) xµ and the Fermi normal
coordinate. Then, we can find the connection between arbitrary coordinates xµ and the
Fermi coordinates by solving the following equation
d2xν
dλ2
+ Γ νρβ
dxρdxβ
dλdλ
= 0, (7)
To solve the equation, we expand the xµ as
xµ = αµ0 + α
µ
1λ+ α
µ
2λ
2 + .... (8)
where
αµ0 = (tF , 0, 0, 0), (9)
αµ1 =
dxµ
dλ
∣∣∣∣
λ=0
= xiF (ei)
µ, (10)
αµ2 =
1
2!
d2xµ
dλ2
∣∣∣∣
λ=0
= −1
2
Γ µγνα
γ
1α
ν
1 . (11)
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More briefly, we can expand the spacetime elements as gµν = ηµν + hµν(x
i
F ), so in the Fermi
normal coordinates the metric becomes the following equations
g00 = −1− FR0i0j(O)xiFxjF + · · · , (12)
g0i = −2
3
FR0jik(O)x
i
Fx
k
F + · · · , (13)
gij = δij − 1
3
FRikjl(O)x
k
Fx
l
F + · · · , (14)
where FRikjl denotes the projection of the Riemann tensor. We can get the corrections from
the given Riemann tensor. The FNC are only valid on scales in the cosmological context
that are much smaller than the horizon.
2.1 Friedmann-Lemaitre-Robertson-Walker metric in Fermi nor-
mal coordinates
The ordinary Friedmann-Lemaitre-Robertson-Walker (FLRW) metric is given by
ds2 = −dt2 + a(t)2 d~x
2
(1 + 1
4
K~x2)2
, (15)
where ~x2 = δijx
ixj and K is the space curvature. The retrad frame associated to a comoving
geodesic is
(e0)
µ = (1, 0, 0, 0), (e1)
µ = a−1(0, 1, 0, 0), (16)
(e2)
µ = a−1(0, 0, 1, 0), (e3)µ = a−1(0, 0, 0, 1). (17)
where H is the Hubble constant. then the Fermi normal coordinates can be obtained via
the metric tensor transformation
gFµν = gαβ
∂xα
∂xµF
∂xβ
∂xνF
. (18)
This leads a new presentation of the FLRW metric in Fermi normal coordinates (for |~x| 
H−1)
ds2 = −
[
1−
(
H˙(tF ) +H(tF )
2
)
~x2F
]
dt2F +
[
δij −
(
K
a2
+H(tF )
2
)
~x2F δij − xiFxjF
3
]
dxiFdx
j
F .(19)
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The FNC obtained here can also be evaluated via (12-14). In particular, the spatial compo-
nents of the Ricci scalar can be easily evaluated as
FR ijij = 6
(
K
a2
+H(tF )
2
)
, i, j 6= 0. (20)
We emphasize here that the FNC in the cosmological context are only valid on scales that
are much smaller than the horizon, since we are expanding perturbatively in HxiF ; if this
quantity becomes order one, the perturbative description of the FNC metric breaks down.
3 Area Deficit
Let us first consider the FNC system central at the geodesic O in a spacetime of dimension
d. The geodesics sending out from O orthogonal to ua forms a (d−1)−dimensional spacelike
ball Σ. We assume that l is the radius of the ball. Consider a Fermi normal coordinate
system based at O, with the timelike coordinate be x0F and spacelike ones x
i
F = rn
i, where r
is the geodesic distance and ni is a unit vector at O yielding δijn
inj = 1. Assume the radius
of the ball is much smaller than the local curvature length (i.e. l  H−1). Note that this
condition can be relaxed by considering conformal Fermi coordinates.
The spatial metric gij on Σ is given in (14). The volume element of Σ to the second
order of the FNC coordinates is given by
dV =
√
hdd−1x =
(
1− 1
6
r2 FR iik ln
knl
)
rd−2drdΩ, (21)
where dΩ denotes the area element on the unit (d − 2)-sphere. For spherically symmetric
integrands and intergrating over r from 0 to l yields
V = ld−1Ωd−2 − Ωd−2l
d+1
6(d− 1)(d+ 1)R, (22)
where R = FR ilil is the spatial Ricci scalar at O and we have used the integrand
∫
dΩnknl =
Ωd−2
d−1 δ
kl. The volume variation at fixed radius compared to Minkowski space at R = 0 is
then given to the lowest order of lH,
δV = V (R 6= 0)− V (R = 0) = − Ωd−2l
d+1
6(d− 1)(d+ 1)R. (23)
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Figure 1: A sketched diagram for Causal diamond of a ball-shaped region Σ of radius l with
center O and boundary ∂Σ. The FNC system is central at the geodesic O of a free falling
observer.
The area variation of ∂Σ is given by dδV
dl
, that is
δrA
∣∣
l
= − Ωd−2l
d
6(d− 1)R. (24)
When the radius of the ball varies, the volume and area variation take the form
δrV = Ωd−2ld−2dr, δrA = (d− 2)Ωd−2ld−3dr. (25)
The total area variation can be decomposed into two parts
δrA
∣∣
l
= δrA
∣∣
R,l + δRA
∣∣
V,l
. (26)
Then the area variation at fixed volume satisfies [14]
δRA
∣∣
V,l
= δrA
∣∣
l
− δrA
∣∣
R,l = δrA
∣∣
l
− d− 2
l
δrV
= − Ωd−2l
d
6(d− 1)R+
(d− 2)ldΩd−2
6(d− 1)(d+ 1)R
= − Ωd−2l
d
2(d2 − 1)R. (27)
For the Friedmann-Robertson-Walker metric, the spatial Ricci scalar is given by R = 6(H2 +
k/a2). In [3], the authors considered volume deficit instead and they derived the Einstein’s
equation from the complexity/volume duality. Moreover, they found that the accelerated
expansion of the universe can be understood as driven by quantum complexity.
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4 Causal Diamond Structure
The past and future development of the region enclosed by a (d − 2)-sphere form a causal
diamond D(Σ). Each causal diamond is the domain of dependence of a spherical region and
the space of all (d− 2)-spheres is the same as the space of all causal diamonds.
The causal diamond D(Σ) and the conformal isometry for the Minkowski line element
were discussed in great detail in [14]. It was derived that the unique conformal isometry
preserving the diamond with spherical symmetry is generated by the Killing vector [14]
ς =
1
2l
[
(l2 − r2 − t2)∂t − 2rt∂r
]
. (28)
For the flat FLRW geometry with line elements ds2 = −dt2 + a2(t)d~x2, we can define a
conformal time coordinate
η =
∫ t
∞
dt′
a(t′)
, (29)
and transform the metric into a conformal Minkowski spacetime
ds2 = a2(η)(−dη2 + d~x2). (30)
The corresponding conformal Killing vector is given by
ς =
−1
l
[(l2 − a(t)2r2 − t2 − 2aa˙r2t)∂t − 2a(t)rt∂r]. (31)
Note that when a(t) = 1, we recover the result given in [14]. For a derivation see Appendix
A. For general FLRW metric ds2 = −dt2 + a2(t)[dr2/(1 − kr2) + r2dΩ22 ] at arbitrary space
curvature, it takes the form
ds2 = −dξ+dξ− + r˜2dΩ22 , (32)
with null coordinates
dξ+ = −
(
dt− a(t)√
1− kr2dr
)
, (33)
dξ− = −
(
dt+
a(t)√
1− kr2dr
)
. (34)
The conformal Killing vector then takes the form
ς =
a√
k
sin−1
√
kl
a
[(
cos
√
kl
a
− cos
√
kξ+
a
)
∂ξ+ +
(
cos
√
kl
a
− cos
√
kξ−
a
)
∂ξ−
]
. (35)
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For non-conformal matter systems, the entanglement entropy in the causal diamond D(Σ)
is consisted of two contributions, the UV part and the IR part. If we consider the variation
of the geometry and the state of the quantum fields, the total variation of the entanglement
entropy is contributed from both the area change induced by δgab (the UV part δSUV ) and
the IR part δSIR from δ|ψ〉. The total entropy variation can be written as
δStotal = δSUV + δSIR = ηδA+ δSIR. (36)
Jacobson proposed the maximal vacuum entanglement hypothesis (MVEH) in [14]: When
the geometry and quantum fields are simultaneously varied from maximal symmetry, the
entanglement entropy in a small geodesic ball is maximal at fixed volume. The MVEH
indicates that the total entropy variation (36) at fixed volume is vanishing at first order.
That is to say
δStotal = 0. (37)
We now proceed to derive the Friedmann equations under the MVEH first in the Fermi
normal coordinates system and then we turn to conformal normal coordinates.
5 Entanglement and Friedmann equations
In this section, we will make use of the first law of the entanglement δS = δ〈Hζ〉 and derive
the Friedmann equation of the universe.
Now let us assume the quantum states enclosed by the causal diamond are in thermo-
dynamical equilibrium. In section 3, we have derived the area variation at fixed volume.
This reminds us to take into account the minimal Helmholtz free energy F = E − TS at
fixed volume in the ordinary thermodynamic system in equilibrium. The vacuum state of
the QFT restricted to the diamond can be expressed as a thermal density matrix
ρ = Z−1e−
K
T , T = ~/2pi, (38)
where K is related to the modular Hamiltonian and T the temperature. Note that for
infinite diamond that overlaps with the Rindler wedge in Minskowski space, T is the Unruh
temperature [19, 20]. The modular free energy is given by FK = δ〈K〉 − TS, where δ〈K〉
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denotes quantum expectation value of the modular Hamiltonian and S represents the von
Neumann entropy S = −Trρ ln ρ in the causal diamond. The variation δFK must vanish
due to the minimal Helmholtz free energy principle. This in turn leads to
δSIR =
2pi
~
δ〈K〉. (39)
This can be interpreted as the usual Clausius relation for a thermal state. The connections
between K and Hζ were discussed in great detail in [14]. For ordinary FLRW cosmology, it
does not related to a conformal field theory (CFT). Only for a CFT, K is equal to Hζ . For
non-conformal matter field, it was conjectured in [14] that
δ〈K〉 = Ωd−2l
d
d2 − 1
(
δ〈T00〉+ δX
)
, (40)
where δ〈T00〉 is the change in the energy density in comparison to the vacuum state and δX
is a spacetime scalar. X was first introduced in [14], which could be some scalar operator in
the QFT. In what follows we only consider a special case in which d = 4.
Now suppose that the quantum fields in the causal diamond is in thermodynamic equi-
librium and are dominated by the vacuum state. The total entanglement entropy variation
at fixed volume is zero. That is, from (36), (39), (40) and (27), we obtain
δSUV = −δSIR = −2pi~ δ〈K〉. (41)
This leads to
η
2
R = 2pi
~
(
δ〈T00〉+ δX
)
, (42)
and then
3(H2 +
K
a2
) =
2pi
~η
(
δ〈T00〉+ δX
)
. (43)
The universal coefficient η should be fixed to be η = 1/(4piG) [14]. We can assume δX = 0
in what follows. To the first order, we assume the universe is not empty but dominated by
some matter and energy. We choose to model the matter and energy in the universe by a
perfect fluid. The energy-momentum tensor for a perfect fluid can be written
δ〈Tµν〉 = (ρ+ p)UµUν + pgµν , (44)
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where ρ and p are the energy density and pressure (respectively) as measured in the rest Fermi
frame, and Uµ is the four-velocity of the fluid. The four-velocity is given by Uµ = (1, 0, 0, 0).
The energy-momentum tensor can be simply expressed as
δ〈T µν 〉 = diag(−ρ, p, p, p). (45)
We can then recast (43) into the standard Friedmann equation
H2 +
K
a2
=
8piG
3
ρ. (46)
Together with the continuity equation of the perfect fluid
ρ˙ = −3H(ρ+ P ), (47)
we obtain another Friedmann equation
H˙ − K
a2
= −4piG(ρ+ P ), (48)
where the dot · denotes derivative with respect to tF . We thus obtain the Friedmann equa-
tions for the FLRW universe by applying the first law of entanglement. In this sense, the
emergences of the Friedmann equations can be considered as a consequence of the change
in entanglement δSA caused by matter δ〈HA〉. The validity of the derivation is restricted to
a small geodesic ball region with radius much smaller than the horizon. To overcome this
limitation, we explore the conformal Fermi coordinates in the next section.
6 Conformal Fermi Coordinates and Friedmann Equa-
tions
We now discuss the construction of the conformal Fermi coordinates, which is a generalization
of FNC. The authors in [17] introduced the conformal Fermi coordinates (CFC) in order to
cosmological application. Compared to the FNC, the CFC are valid outside the horizon.
Similar to FNC, the CFC are constructed nearby a timelike central geodesic. In the CFC
frame, the lowest order CFC metric is a flat FLRW spacetime. We take the metric as the
following form
gFµν(x
µ
F ) = a
2(τF )
[−ηµν +O[(xiF )2]] , (49)
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where a(τF ) denotes some suitable conformal time. Here we introduce the conformal metric
g˜µν ≡ a−2(τF )gµν in order to facilitate study. We briefly summarize the construction of CFC:
First of all, we choose the orthogonal tetrad eµ(α) as in the construction of FNC. The
observer’s geodesic will be parameterized in terms of the proper time tF . Second, we consider
a scalar aF , which is positive at a point along the central geodesic. Then define a “conformal
proper time” τF as follows
dτF = a
−1
F
(
P (tF )
)
dtF , (50)
where τF denotes our time coordinate and the point P has CFC coordinates (τF ,0).
Considering a family of conformal geodesic h˜(τF ;α
i;λ) with respect to g˜µν , through the
condition of λ = 0 and αieµ(i), we can get the affine parameter and the tangent vector at P
respectively. In other words, αi often determines the geodesic direction and λ measures the
geodesic distance about the conformal metric [17]. The point Q on the conformal geodesic
h˜(τF ; aF (P )β
i;λ) where λ = (δijx
i
Fx
j
F )
1/2 and βi = xiF/λ [17], the coordinates of the point
Q is (τF , x
i
F ).
We can find that some relations between the CFC metric and the conformal Riemann
curvature tensor through
gF00(xF ) = a
2
F (τF )
[
− 1− F R˜0i0j(T )xiFxjF
]
, (51)
gF0i(xF ) = a
2
F (τF )
[
− 2
3
F R˜0jik(T )x
i
Fx
k
F
]
, (52)
gFij(xF ) = a
2
F (τF )
[
δij − 1
3
F R˜ikjl(T )x
k
Fx
l
F
]
, (53)
where F R˜ikjl is the Riemann curvature tensor. The Riemann tensor in CFC frame can be
written as
F R˜γκρσ = R˜µναβ e˜
µ
(γ)e˜
ν
(κ)e˜
α
(ρ)e˜
β
(σ), (54)
The components of R˜µναβ can be computed in the global coordinates.
Similar as in section 3, we consider a geodesic ball and there is no need for radius l
less than the local curvature length. With the condition that vacuum entanglement entropy
is extremal and leads to δStotal = 0. By means of the similar method to section 5, the
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Friedmann equations in the CFC frame for flat universe are as follows
H2 =
8piG
3
ρ. (55)
H˙ = −4piG(ρ+ P ). (56)
Thus, we obtain the Friedmann equations of FLRW universe, which is valid in the k = 0
case.
7 Conclusion and discussion
Exploring the deep connection between key conceopts of quantum information theory and
the emergence of spacetime and gravity, we have studied cosmology in a new framework
with the viewpoint that spacetime geometry is viewed as an entanglement structure of the
microscopic quantum state. Regarding the FLRW geometry as small corrections to the local
Minkowski spacetime and with RNC and CFC, we have derived the Friedmann equations
for the universe from the first law of entanglement. First with the aide of FNC in which the
diamond size l is much smaller than the local curavure length, but still much larger than
Planck scale lP , we derived the Friedmann equations. If the diamond size is comparable to the
UV scale lP , the quantum gravity effects become strong. We then extended our discussion
to larger diamond size by exploring the CFC system. In this sense, a gravitational field
equation with higher curvature corrections can be derived along these lines.
The derivation presented here can be considered as a complementary of derivation of
Friedmann equations from thermodynamics involving apparent horizons of cosmology in [21–
23]. One may ask how to derive the Friedmann equation in higher derivative gravity from
entanglement equilibrium, such as Gauss-Bonnet gravity [24–26] and Lovelock gravity[22, 27].
This may involve the extended first law of entanglement and we will defer for a future work. It
would be interesting to consider the emergence of the Friedmann equations in the inflationary
model with a homogenous scalar field, i.e. inflaton. The nature of entanglement and the
evolution of our universe are also interesting topics to be investigated in the future [3].
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A Conformal isometry of a FLRW causal diamond
In spherical cooridinates, the FLRW line elements can be written as ds2 = habdx
adxb+r˜2dΩ22 ,
where hab = diag(−1, a2/(1− kr2)), x0 = t, x1 = r and r˜ = a(t)r. It should be noted that r˜
is now the sphere radius.
Defining
dξ+ = −
(
dt− a(t)√
1− kr2dr
)
, (57)
dξ− = −
(
dt+
a(t)√
1− kr2dr
)
. (58)
We then arrive at a null coordinate
ds2 = −dξ+dξ− + r˜2dΩ22 . (59)
It is easy to find
∂+ =
∂
∂ξ+
= −
(
∂t −
√
1− kr2
a(t)
∂r
)
, (60)
∂− =
∂
∂ξ+
= −
(
∂t +
√
1− kr2
a(t)
∂r
)
, (61)
where the minus signs ensure that ∂± are future pointing. The diamond consists of the
intersection of the region ξ+ > −l and ξ− < l. To determine the conformal isometry that
preserves the diamond and is spherically symmetric. We assume a vector field with the form
ς = A(ξ+)∂ξ+ +B(ξ
−)∂ξ− , (62)
which is a conformal isometry of the dξ+dξ− factor of the metric. The Lie derivative
Lzdξ+dξ− = [A′(ξ+) +B′(ξ−)]dξ+dξ−. It will be a conformal isometry of the full Minkowski
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metric provided Lzr2 = [A′(ξ+) +B′(ξ−)]r2. This leads to
ξ+ = −
(
t− a√
k
arcsin(
√
kr)
)
, (63)
ξ− = −
(
t+
a√
k
arcsin(
√
kr)
)
. (64)
For the case k = 0, equations (63) and (64) simply reduce to
ξ+(k = 0) = −[t− a(t)r], (65)
ξ−(k = 0) = −[t+ a(t)r]. (66)
Therefore, we have
[A′ +B′]r =
(A−B)
a(t)
cos
(√
k
2a
(ξ+ − ξ−)
)
. (67)
As k = 0, this relation simply reduces to
[A′ +B′]r =
(A−B)
a(t)
. (68)
At ξ+ = ξ−, this implies B(ξ−) = A(ξ−), hence when ξ− = 0 this condition becomes
[A′(ξ+) + A′(0)]
1√
k
sin
(√
k
a
(ξ+ − 0)
)
=
(
A(ξ+)− A(0)
)
1
a
cos
√
k
2a
ξ+. (69)
The solution of above equation yields
A(ξ+) = c0 +
a√
k
c1 sin
[√
k
a
ξ+
]
+ c2 sin
2
[√
kξ+
2a
]
. (70)
Fixing the constant c0 by requiring that ς have unit surface gravity, we thus obtain the
conformal Killing vector field
ς =
a√
k
sin−1
√
kl
a
[(
cos
√
kl
a
− cos
√
kξ+
a
)
∂ξ+ +
(
cos
√
kl
a
− cos
√
kξ−
a
)
∂ξ−
]
. (71)
As k = 0, the conformal Killing vector field yields a new form
ς =
1
2l
[
(l2 − ξ+2)∂ξ+ + (l2 − ξ−2)∂ξ−
]
. (72)
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